Introduction
Let X be a compact Hausdorff space and E be a arbitrary Banach space E. In [8] it is proved that the theorem remains true if (*) any two T-sets in E are discrepant and in particular if E is a strictly convex space; however it is shown that the theorem is false in general. We aim here to investigate the same problem in the case when the space E does not satisfy the condition (*) • Among others we consider in this paper similar problems [2] that arise when E is a smooth Banach space or the unit cell of E is quasi-cylindrical.
Apart from discussing the above problems we obtain some auxilliary results concerning the spaces C(X,,E) which are also of intrinsic interest. Among others we provide a useful characterization of extreme points of the unit cell of the dual space of C (X,E) and determine the functions f in C(X,E) such that the norm is G-differentiable at f .
Preliminaries
Before proceeding to the main results of the paper we recall the necessary terminology and notation and few useful results.
Throughout the paper E is a fixed real Banach space If K is a convex set Ext K is the set of extreme points of K.
In the sequel we make use of the following functions e and II .
The function e on E* x X into (C(X,E))* is defined by setting e(l,p) (f) = <t(f(p)). We have |e(*, • the functions f e C(X j) E) defined by f (q) = x for all qeX it is verified that e(^,p)(f n ) -• |Kj| and || f I] = 1 . Thus ||e(<t,p)|j = ||-t|| and for a fixed peX, e( ,p) is a linear isometry on E* into (C(X,E))*. The function II on E into C(X,E) is defined by setting II(x) (p) = x for all x e E and p e X . It is verified that II is a linear isometry on E into C(X,E) .
We recall few geometric properties of a Banach space.
If B is a Banach space and x e S then a functional B UB* is said to support U_ at x if H|| = 1 = I (x) .
The cell U_, is said to be smooth at x if there exists [4] one and only one hyperplane of support at x . A Banach space B is said to be smooth if U n is smooth at all points x e S_. . It is known, Mazur [lol, that U is B B . , , . r. , .. . We proceed to define certain distinguished subsets of a Banach space which are useful later in the paper.
An M-set in a Banach space B is a maximal convex subset of S_, . A T-set in B is the half cone of nonnegative multiples of vectors in a M-set . For a discussion of these sets we refer to [8] . Two T-sets T^T-are said to be discrepant if either T, n T 2 = (0} or if there exists a T-set T 3 such that T, 0 T 3 = {0} = T 2 fl T 3 .
[5]
It is verified by applying Zorn 1 s lemma that if x e S_ a then there is a M -set M containing x . Further if x e S_ and {x} is a M-set then any two T-sets B are discrepant. For if T is the T-set {Ax | Aj> 0}
and T. is another T-set then it is verified using the maximality of M-sets that T 0 1^ = {0} i In particular it follows that the norm in B is strictly convex then any two T-sets are discrepant for then there exists only one point belonging to a M -set.
We summarize some properties of M-sets which are required in the last section of the paper in the following remark. Hence if H is the hyperplane f (1) then B M c H .
Further since H H S is a convex set and M is a B maximal convex set we conclude that H H S n = M .
We refer to H as a hyperplane supporting U_ along M . Further B we note that if ther exists a point x e M and if U is B smooth at x then from the definition of smooth point it follows the hyperplane supporting U_. along M is unique. is said to be a quasi-cylinder if it satisfies the following conditions.
(1) Ext U_ is a closed subset of S o and D U Ext U_ = S_ . (4) There exists a point p e M and a closed subspace L of such that p + (U Q fl L) = M 1 .
B [7]
We proceed to provide an example of a quasi-cylinder. [9]
Let u e V (E*) and S: X -• E be a step function exists a linear isometry a on (C(X, E))* onto V (E*)
•A.
such that
for all Le (C(X,E))* where the integral is the Stieltje 1 s integral defined in the preceding paragraph.
Smooth Points in C(X,E).
We proceed next to characterize the functions f e C(X,E)
such that the norm in C(X,E) is G-differentiable at f .
We first establish a lemma useful in the subsequent discussion.
Lemma 1. Let X be a compact Hausdorff space and E be a Banach space. Then
where e is the map defined earlier.
Proof. Let I e Ext U* and peX. Since e(«,p) is an isometry and ||^|| = l, ||e(<t,
where a is the isometry described in theorem 2. We claim that if M is a Borel set in X and p / M then the varia- Since p / C and C is compact there exists a sequence [f n } n>1 in C(X,E) such that ||f n |j = l, f n (p) = x n and f n (q) = 0 if qeX ~ {p} for all n 2 1 • Now
X ~c Hence the preceding equations imply ||ju 1 
Hence by our choice of L, and
Conversely let L e Ext U . We verify that there .A.
exist I € Ext U* and p e X such that L = e(£,p) .
Let a be the map assured by theorem 2 and let <j(L) = Since ||L|| = 1 , ||/ijl = 1 . We claim that there is a point p e X such that if M is a Borel set and p / M then
For convenience the contraction of the Borel measure JU to a Borel set N c X will be denoted by ju|N
As a first step we verify that there exists a point p e X such that ju{p} ^ 0 . 
Since L e Ext U* we conclude that e(<t,,p r j = e(-t«,p ) . Hence e(l 1} p Q ) (n(x) ) = e(£ 2 ,p 0 ) (n(x) ) for all x e E. Thus I, (x) = -t o (x) for all x e E i.e. £, = l~ . Thus I e Ext U£ and this completes the proof of the lemma.
In the next theorem we provide a characterization of those functions f e C(X,E) such that the jj )| is G-differentiable at f. The theorem thus generalizes the known result for the case when E = R , discussed in Banach [1] . Before proceeding to the theorem we wish to state a couple of remarks.
[15]
The Remark 2 i s an immediate consequence of the definition of the function e .
Remark 2 . Let x e E with j|x|j = 1 and let I e E* be such that \\l\\ = I (x) = 1 = ||x|| . Let f e C(X,E) ||f|| = 1 be such that for some point q e X , f (q) = x .
Then the linear functional e(£,q) is of unit norm and the hyperplane e(t,q) (1) supports the unit cell of C(X,E) at f . 
Since f e Ext B(x) it is inferred that g, = g_ = f .
Hence f e Ext U| .
[16]
Theorem 3. If X is a compact Hausdorff space and f e C(X,E),, ||flj = 1 then the unit cell of C(X J) E) is smooth at f if and only if there exists a point q e X such that 1 = ||f(q)|| > ||f(q')|| for all q' £ q and U E is smooth at f(q).
Proof. We prove first that the condition in the theorem is necessary. Let the unit cell in C(X,E) be smooth at f .
If possible let q.,q 2 be two distinct points in X such that 1 = Hffq^U = ||f(q 2 )||. Let l ± ,l 2 e E * be such that
Thus ||e(* 1 ,q 1 )|| = ||e(t 2 ,q 2 )|| = ef^q^f) = e(* 2 ,q 2 )(f) = 1 where e is the map defined in section 2. Since the unit cell in C(X,E) is smooth at f it follows from the above equations that e(<t,,q..) = e(<t 2J q 2 ) • Hence for g e C(X,,E) We proceed to show that the norm in E is smooth at f(q) . For if the norm is not smooth at f(g) let £' £" be two distinct linear functionals in E* supporting LL, at f (q) . As noted in Remark 2 the hyperplanes e(l,,q) (1) and e^-j^)" (1) From a similar argument we conclude that L« = ef-C^q). Thus L, = L 2 and card B(f) = 1 . Thus the norm is smooth at f and the condition in the theorem is sufficient.
Spaces of maps into Banach spaces
We next proceed to the main theorem of the paper.
In the course of the proof of the theorem we make use of the following lemmas.
Lemma 2.
If X is a compact Hausdorff space and f is an extreme point of the unit cell of C(X,E) then ||f(t)l| = 1 for all t e X.
[19]
Proof. Since ||f|| = 1 if ||f(t)|j ^ 1 for t G X then there exists a point t Q e X such that |jf(t o )|| = 6 < 1 .
Since X is a compact space and f is a continuous function there exists a compact neighborhood N of t and a number 6' , 0 £ 6' < 1 such that ||f (t)|| £ 6' for all t e N . Proof. We note first that the rel-int M is a subset of the interior of M relative to S . For let, I e E* , = 1 be such that H = ^" 1 (1) . Let x be in the rel-int M .
Since the interior of M relative to H is non-empty the core of M relative to H is nonempty. Thus Lemma 6. Let E be as in the preceding lemma. if P 1 ,P 2 are two distinct M -sets then Card (P 1 n PO <, 1 .
Proof. If possible let x,y e Pi fl P, and x =f= Y • x + v Since P. , i = 1,2 are convex -r-2 -e P, (1 P 2 . Since Lemma 7. Let E be a Banach with a quasi-cylindrical unit cell. Let M^M^ p and L be as in (2) and (4) [28]
Before proceeding to the main theorem of this section we note if X,Y are two compact Hausdorff spaces and j :
X -* Y is a homeomorphism on X onto Y then the opera- Y,E) , p e X is verified to be a linear isometry on C(Y,E) onto C(X,E). Thus in the subsequent discussion we consider only the converse question. there is an extreme point A e Ext U* such that T*A = e (l,p) [29]
Thus from Lemma 1 it follows that there is an extreme point Thus it is verified that T*e (M' r') = e(t,p) = e(l,q) .
Since T* is an isometry it follows that p = q . Hence T is 1 -1 .
We proceed now to show that T is a continuous mapping. Since Y is a first countable compact Hausdorff space it is verified that the sequence (r(P n )} converges to -r(p) .
Next we proceed to the case when the unit cell tL, of E E is quasi-cylindrical. As noted in § 1 the T-sets are not necessarily discrepant and thus Jerison's theorem does not apply to this case. However we show below that if X^Y are as in the preceding theorem and U_ is quasi-cylindrical and the linear isometry T fulfills an additional condition then we have an analogue of the preceding theorem.
[32]
We shall denote the constant function in C(X,E) with range in {x} by K . i.e. T*e(mi , p 1 ) = e (l,,p) . Hence T(P) = p' and r maps X onto Y .
Next we proceed to verify that r is 1 -1 . Let p,q be two points in X such that r(p) = T(q) = t . From the definition of T it follows there exist two functionals m^ , m^ in Ext U E * such that (a) T*e (m^ , t) = e^^p) and (b) T*e (m^ , t) = ef^q). Let T(M X , p) = (M£ , p 1 ) and T(M 1 , q ) = (M^ , q' ) . Now let y be a smooth point in JVL .
[36] . , t) for X i î = 1,2 and j = 1,2 . Thus T K x (t) e MJ_ n M£ ).. Hence from Lemma 6 it is inferred that M' = M' ' Since there are smooth points in a M-set of E and m'. support U along
[37]
M^ we conclude that m^ = m^ . Thus T*e (m^ , t) = e{l 1 , p) = e(£, , q) . Since e is 1 -1 it follows that p = q and T is 1 -1 .
The proof of the part that r is a continuous mapping is exactly same as the corresponding assertion in the proof of the preceding theorem after choosing for x a fixed smooth point of U in M. . Thus the details of a proof XJ X are omitted.
As in the preceding theorem it follows that T maps X homeomorphically onto Y . The proof of the theorem is completed,
In conclusion we mention the following unsettled problems 1) If E is a smooth Banach space and Ext U 4 0 then must it be true that the T -sets in E are discrepant. 2) Is it necessary for the linear isometry T to fulfill the additional hypothesis in Theorem 5 for the conclusion of the Theorem.
